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Summary. Let ~(t) be a s tochast ic  process  s tar t ing f rom 0 with I to  differen- 
tial 

d ~ (t) = g) (t, (9) d W(t) + fi (t, o~) d ~, 

where (W(t),~,) is a Wiener  process, 6 and fi are bounded  ~t-nonant ic-  
ipative processes such tha t  (~or is uni formly posit ive definite. Then  it is 
p roved  that  there exists a s tochast ic  differential equat ion  

d x(t) = a(t, x(t)) dW(t) + b(t, x(t)) d t 

with n o n - r a n d o m  coefficients which admits  a weak solut ion x(t) having the 
same one-d imens ional  p robabi l i ty  dis t r ibut ion as ~(t) for every t. The  coef- 
ficients a and b have  a simple in terpre ta t ion:  

a (t, x ) =  (E(~ ~5 w (t) l~ (t) = x)) ~, b (t, x) = E (fl (t)]~ (t) = x). 

1. Introduction 

The subject of this paper  is the cons t ruc t ion  of s imple stochastic differential 
equat ions  whose solutions mimic  certain features of the behav iour  of the 
solutions of m o r e  compl ica ted  equations.  The  p ro to type  for invest igat ions of 
this kind, and the immedia te  insp i ra t ion  for the work  presented here, is a 
recent result  of  N.V. Kry lov  [3], which is described in some detail  below. Our  
first task will be the filling of  a small  gap in Kry lov ' s  p roo f  of  a crucial lemma.  
We then prove  an ana logous  l e m m a  in ano ther  setting. 

Let ~(t) be a s tochast ic  process  of the fo rm 

(1.o) 
t t 

(t) = ~ ~ (s, ~o) d W  (s) + S ~ (s, c.) ds,  
0 0 

* This paper was written while the author was visiting the J.W. Goethe-University m Frankfurt 
as a fellow of the Alexander v. Humboldt Foundation 
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where (W(s),~s) is a k-dimensional Wiener process on a probability space 
(g2, ~,P) equipped with a stochastic basis (~s)~>_o and 6, 13 are bounded measur- 
able ~-adapted  processes taking values in-IR "• and R" respectively. The 
path-wise behaviour of ~(t) may depend, via the random coefficients ~(s, co) and 
fi(s, co), in an extremely complicated way on the past ~ .  But suppose we are 
interested in an aspect of the behaviour of ~ which depends only on, say, the 
position in the state-space: for instance, the amount of time that the process 
spends in the vicinity of a given point. Then one might hope to find a 
stochastic process x(t) mimicking this feature (in a sense to be made precise 
below) and satisfying a "simpler" stochastic differential equation of the form 

t t 

x(t) = ~ a(x(t)) d W  (t) + ~ b(x(t)) at, 
0 0 

where the coefficients a and b are now non-random, and depend only on the 
position in the state space. 

To formulate Krylov's result, consider the Green measure, defined by 

#(F)---E j Zr(~(t))exp - 7(s, co)ds dt 
0 

(Zr denotes the indicator-function of the set F) for every Borel set F O R " ,  
where 7 is a non-negative ~?t-adapted stochastic process, the killing rate. (If 
~(co) is killed on the time interval (t, t + A  t) with probability 7(t, co)At+o(A t), 

( i )  then exp - 7(s, co)ds is the probability of being alive at time t.) Recall that 

one says that the stochastic differential equation 

dx( t )= f ( t , x ( t ) )dW( t )+g( t , x ( t ) )d t ;  x(O)=O 

has a weak solution, say )7(t), if there exists a probability space (g?,~,P) and a 
Wiener process (v~(t),~) on it, such that ~(t) is an ~<adapted stochastic 
process which satisfies the equation 

t 

if(t) = I f  (s, %(s))d ~ (s) + ~ g (s, Y(s)) d s 
0 0 

(see e.g. [63). 
We can now formulate Krylov's theorem as follows: Consider a process of 

the form (1.0). Let 7(t, co) be fixed. Suppose that for all t > 0  and coe~2 

66T(t, CO)>=21I, 7(t, co)__> 512, (1.1) 

where 6 r is the transpose of the matrix 6, I is the n x n identity matrix and 21, 
22 are positive constants. Then one can define non-random functions ~: 
]R"~N" • b: ]R '~N"  and c: ]R~--+~, such that the time-homogeneous stochas- 
tic equation 

dx( t )=a(x( t ) )dW(t )+b(x( t ) )d t ,  x(0)=0 (1.2) 

has a weak solution, having the same Green measure (with killing rate c(x(t))) 
as ~ (with the killing rate 7(@ 
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Krylov's result makes it natural to ask whether it is possible to construct 
simple processes which mimic other aspects of the behaviour of {(t). Following 
a suggestion of Krylov, we show that this is possible for all the one-dimension- 
al marginal distributions of ~, that is, that one can construct a process x 
satisfying a simple stochastic differential equation such that the distributions of 
~(t) and x(t) are identical for all t. Naturally the coefficients in this equation 
will be functions of (t, x): 

d x (t) = a ~ (t, x (t)) d W(t) + b (t, x (t)) d t (1.3) 

(a 4 denotes the positive definite square root of the positive definite matrix a). 
The coefficients in this equation, unlike those in (1.2) have a simple intuitive 
interpretation: 

a(t, x)= E( 6(t) 6r(t)[ {(t)=x) 

b(t, x)= E(fi(t)l ~(t)= x). 

Note that our theorem does not imply Krylov's result, since the Eq. (1.3) is not 
time-homogeneous. Indeed, it might seem, at first glance, that our result 
follows from Krylov's by considering the time-space process (t, {(t)). But this is 
not so: Krylov's theorem does not apply to this process because the diffusion 
coefficient does not satisfy the regularity condition (1.1). 

To get an idea of the method of proof, consider the special case in which fi 
=0  and all the processes are scalar valued. Choose a smooth function u(t,x) 
which is identically 0 for large t+]x[ (i.e. uEC~([0, a2)xIR)). Apply Ito's 

t 
formula to u (t, ~_ (t)), where { (t) = 5 6 (s, co) d W(s): 

o 

~ u  1 2 

Taking expectations we get 

r [ 0 u  " t  1 2 92 
Eu(T, {(T))-u(O,O)=E! ~ 7  (t, g( ) )+~6 (t)~x2U(t, {(t)))dt 

r / ( ~  1 2 02 
= ! E tl~7 +~ E(6 (t)[ ~(t))~x2} u(t, ~(t))) dt 

for every T>0.  This gives us for every ueC~([0,  oo)x 1R) 

O-oo --O-co 0 " 2 - -  
S ~ u(t,x,v(d,,dx)= ~ ~ (~+~ Ox2)U(t,x)d#t(x)dta2 (1.4) 

with #,(d x): = P({ (t) ed x), a (t, x): = (E (62 (t) l { (0 = x))~ and Dirac measure v, con- 
centrated at (0,0)elR "+* 

The relation (1.4) can be taken as an equation satisfied by the distributions 
P({(t)edx) of the original process. Consider on the other hand a weak solution 
of the stochastic differential equation 

d x(t) = •(t, x(t)) aW(t) ,  x(0)-- 0. (1.5) 
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It is clear by lto's formula that the one-dimensional distributions fi(x(t)~dx) 
satisfy (1.4) for every u~ C~([0, oc) x ~ )  as well. 

This consideration suggests how to mimic the process ~(t) with respect to 
its one-dimensional distributions. Since a 2 can be chosen uniformly positive 
definite and bounded, a well-known theorem guarantees that (1.5) has indeed a 
weak solution. If we could prove that the Eq. (1.4) suffices to identify the 
distributions P(~(t)edx) then our theorem would be proved. Unfortunately a 
uniqueness theorem of this kind has only been shown for smooth functions 
a(t, x). Following Krylov we circumvent this difficulty as follows, Starting from 
the Eq. (1.4) we choose approximations of a by smooth coefficients a~ with 
random initial conditions such that the Green measures of the corresponding 
processes (u~(t),x~(t)) converge weakly to the Green measure of (t,~(t)), i.e., to 
P(r On the other hand we see that the distribution of (u,,x) on 
C[0, T] converges weakly to the distribution of the process (t,x(t)), provided 
a~-~a, where x(t) is a weak solution o f  the Eq. (1.5). Hence we get our result by 
noting that the coincidence of the Green measures of the processes (t, ~(t)) and 
(t,x(t)) implies the coincidence of the one-dimensional distributions of the 
processes ~(t) and x(t). 

The main step in the proof is this approximation procedure. It forms the 
content of our Lemma 2.2, which will be a time-dependent version of Krylov's 
lemma, restated below as Lemma 2.1. 

Lemma2.2 deals with a more general situation: Instead of the measures v 
and d&(x)dt from (1.4) we consider arbitrary measures v and # on [0, oo)x tU, 
and instead of the Eq. (1.4)we start with an inequality of the form 

~u(t,x) v(dt, dx)>=--~ ~ Lu(t,x)#(dt, dx) 
0 IR~ 0 IR~ 

valid for every non-negative function uEC~~ oo)xN"),  where L is a second 
order partial differential operator of parabolic type. 

Acknowledgements .  The author wishes to express his thanks to N.V. Krylov in Moscow for 
suggesting the problem and for helpful advice, and to H. Dinges and B. Ferebee in Frankfurt for 
their help in preparing the paper. 

2. N o t a t i o n s  and the F u n d a m e n t a l  L e m m a s  

Let S + denote the set of,all  symmetric positive semidefinite n x n matrices. 
With a'.=(aiJ), b:=(b i) and c bounded Borel measurable functions on ~ "  
(taking values in S~ +, IR" and ]R respectively) we associate the differential 
operator 

1 ., 8 2 
L= ~ ;a"(x)-s ~ +  ~ bi(x) o~i-c(x). 

i , j  o x  r 

In the situation in which we will be interested we are given two non-negative 
finite measures v and ~ with the following property 

u(x) v(dx)> - ~ Lu(x)#(dx) (2.1) 

for every non-negative function u e C~ (IR"). 
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(If X is a subset of a Euclidean space then C~(X)  denote the set of all 
infinitely differentiable functions u: X ~ I R  having compact support.) 

We shall make use of the following smoothing devices. We fix a non- 
negative function k~C~(IR ") such that , [ k (x )dx=l  and k ( - x ) = k ( x )  for all x. 
Put k~(x)=~ "k(~ ix) for every a>0.  

For bounded measurable function g we define the measure g/~ by 

(g #)(F)= jZr(X)g(x) #(dx). 

Convoluting this measure with the measure k{~)(x)dx we define the measure 
(g#)(~)(x)dx, where the density function (with respect to the Lebesgue measure) 
is given by 

(g ~)~)(x) = ~ k ~ (x - y) g iy) ~ (d y). 

Suppose that #(~)(x) is positive on N" for every e. Then the measure (g#)(~)dx 
has a smooth Radon-Nikodym derivative 

g<~):- #(~) (2.2) 

with respect to measure ~(~)d x for every bounded measurable g. 
We smooth the coefficients of L by the formula (2.2) and together with L 

we consider the operators 

1 02 i 
L~ = ~ Z a{~)(x) ~ + ~/b{~)(x) ~xSx i - %)(x) 

i , j  O X  O X  , 

and the time-homogeneous stochastic differential equations 

d x (t) = (%)~ (x (t)) d W(t) + b(~)(x (t)) d t (2.3) 

defined on a probability space (Q, ~,P) equipped with a filtration (~t)t>=o and a 
Wiener process (Wit), ~t). 

(By (a(~)) ~ we denote the symmetric positive semidefinite square root of the 
matrix a(~).) 

We denote by x~ a solution of this equation with initial condition x(0) 
= xdR" .  For a function g we denote by g(~) the convolution g,k% 

Now we formulate the fundamental lemma in the time-homogeneous case. 

Lemma 2.1 (Krylov [3]). Let the differential operator L and the measures v and 
# be as above, in particular satisfying 2.1. Assume c(x)>p>O for every xeIR". 
Define for every positive constant 2 and e > 0 the operators 9{ ~" 

2 "  

91~f (x)= E ~ f (x~(t))exp - %)(x~(s) )ds-  }d dt. 
0 

Then for every non-negative function f~C~( IR  ~) the functions ~R~of(X) are con- 
tinuous in x and 

(9t{3 f)(~)(x) v (d x) >: ~ f(~)(x) # (d x), (2.4) 
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in consequence 

lira i n f ~ ( ~  f)r v(d x )> ~ f (x) # (d x). (2.5) 

I f  the inequality in (2.1) is reversed then it is also reversed in (2.4) and (2.5), 
where lim inf in (2.5) is replaced by lim sup. 

O u r  definitions in the t ime-dependent  case are s t ra ight - forward general iza-  
tions of  the above.  Thus  we consider  the opera to r  

~3 1 .. c3 2 . 
L = ~  +~aU(t,x)~+b~(t,X)z c x  c x  ~ ~x  i - c ( t , x ) ,  

where a=(aiJ), b=(b i) and c are bounded  measurab le  functions defined on 
[0, ~ )  x JR" and take values in the same sets as before. 

We suppose  tha t  for every ( t ,x)~[0,  ~ )  x lR" 

a u(t, x) z i z j > Z I zl 2 (2.6) 
i , j  

for every z = ( z i ) e N  ", where 2 is some fixed posit ive constant  and Iz] denotes  
the n o r m  of z in IR". 

The  measures  v and p are supposed  to be defined on the Borel sets of 
[0, oo)x N". Ins tead  of the kernel  k we consider the kernels h( t , x )=O( t )k (x )  
and h * ( t , x ) = h ( - t , - x ) = O ( - t ) k ( x ) ,  where 0 e C ~ ( I R )  such that  ~ p ( t ) d t = l ,  
O ( t ) > 0  on ( - 1 , 0 )  and 0 ( t ) = 0  elsewhere. We set M(t , x )=e- ( "+l )h ( s - l t ,  e - l x )  
and h * ' ( t , x ) = M ( - t , - x ) ,  and denote  by m (~) and m (*~) the convolut ions  
(Z~>om),h ' and (g~>om),h *~ respectively, where m is a measure  or a function on 
IR,+ t. The  smooth ing  is defined by 

f~) = (f#)e~)(#e~))- 1 (2.7) 

for functions f defined on P.~+ 1. 
We consider  the opera tors  

0 1 u 0 i 0 
L , = w T + ; ~ a ( , ) ( t , x ) ~ +  ~b(~)(t,x)~zCS,.~-c{~)(t,x ) (2.8) 

ct  z~,j ox  ox  j ox  

and the s tochast ic  differential equat ions  

d x (t) = (a~,)) -~ (t + s, x (t)) d W(t) + b~)(t + s, x (t)) d t (2.9) 

for every s > 0, where the coefficients a~), b(~) and c(~) are defined by the formula  
(2.7) f rom a, b, and c respectively. 

Our  fundamenta l  l e m m a  is fo rmula ted  as follows. 

L e m m a  2.2. Assume that ov > #t*')(t, x) > 0 on (0, or) • ~ "  for every s > O. Suppose 
that 

y u( t ,x)v(dt ,  dx)>= - ~ Lu( t , x )p(d t ,  dx) (2.10) 
[0, oo) x ~  [0, oo) x ~  

for every u6 C~([-0, oo) x 1R"). 
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(C~([0, oo)x IR") denotes the set of infinitely differentiable functions f, having 
compact support, i.e., f( t ,x)=O if t+[x[  is large enough.) 

Let x~ ~ be a solution of the Eq. (2.9) with initial condition x ~ ( 0 ) = x E ~  ", and 
let 

9t~f(s,x)=E j f(s+t,x~(t))exp -- c{~)(s+r,x~(r)dr dr. 
0 

Then for every non-negative f ~ C~ ([0, oo) x IR") 

(9Vf)(~)v(dt, dx)> ~ f(~) g(dt, dx) (2.11) 
[o,~o) x ~  [o,oo) • 

for every e > 0, and thus 

lira inf~ (91~f) (~) v (d t, d x) > ~f # (d t, d x). (2.12) 
a+0 

I f  inequality in (2.10) is reversed then it is also reversed in (2.11) and (2.12) with 
lira sup in (2.12) instead of lim inf. 

3. The Proofs of the Fundamental Lemmas 

Krylov's proof of Lemma 2.1 is incomplete because the coefficients %), b~) and 
%) are assumed to have bounded derivatives in x up to the second order, 
which does not hold in the case of general kernels k. 

In this section we show that it is easy to get around this difficulty by 
approximating the kernel k and using a limit theorem from [2]. We use the 
same approximation procedure in the proof of Lemma2.2  as well. In both 
cases we use a special kernel 

p(x) = (1 + Ix l2 ) - " ( f  (1 + Ix12) - "  dx)- ~, 
/ 

and we make use of the fact that p has the property 

0 3 2 
~x~P(x ) <Kp(x), ~ p ( x )  <Kp(x) (3.1) 

for every i, j = 1, 2 .. . .  , n, where K is some positive constant. 

The Proof of Lemma 2.1 

Step 1. Assume, in addition, that for every e > 0  the kernel k ~ has the property 
(3.1). This implies that u i a(~), b(~) and %)be long  to Cb2(N"). (C~(N") is the set of 
functions f :  IR"~IR possessing bounded continuous derivatives of order up to 
and including m.) In this case Krylov's proof goes through without change. For  
sake of completeness we repeat his proof now. 

Since a(~)(x) is non-negative definite for every xeIR" and a(~)eC~(N"), one 
knows by a theorem of Freidlin [1] that (a(~)) ~ satisfies a Lipschitz condition 
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on IR". It is easy to see that a{~), b{~) and %) are bounded, uniformly in e. 
Consequently, by the classical existence and uniqueness theorem of Ito, Eq. 
(2.3) has a unique (strong) solution x~ for every initial condition x~(0)=xdR". 
Moreover it is well-known that x~(t) depends continuously (in probability) on 
the initial value x and that x~ is a Markov process. Thus we have 

- ~ + ( ~ -  0) ~ ~; 91~ - (3.2) 

n = l  

for ~>  - p ,  0 >  - p  and I•-0[ <p+tc ,  where the series converges in the Banach 
space of linear operators mapping Cb(IR" ) into Q(IR"). (It is easy to see that 
lOt~,l<(p+~)-l.) From [7] it is known that there exists 2~>0 such that for 
every 2>2~ and f~C~(N") the equation 2 v - L ~ v = f  admits a solution 
v~EC~(N"). By the Ito formula v~=9~f One easily sees that inequality (2.1) is 
valid also for non-negative functions ff~ C~(N"), which are bounded and have 
bounded first and second derivatives. In order to show this, let w~C~(IR") such 
that 0 < w < l  on N" and w(x)= l  if ]x l< l .  Then replacing u(x) in (2.1) by 
~(x)h(rx) for r > 0  and taking r--*0 we get 

g(x) v (d x) > - ~ Lff(x)/2 (d x) (3.3) 
/ 

by the Lebesgue theorem. Now replacing ~ in (3.3) by (v,) (~) and then using the 
Fubini theorem and the symmetry of the kernel U we obtain 

S v~(x) r ax  > - S L~ v~(x) /2~(x)ax. 

Hence, since - L~ v~ = - 2 v~ + f  and v~ = J ,  we get 

~R~f v (~) dx > ~(-2  ~R~f + f)/2(~) dx (3.4) 

for every non-negative f~C~(R") ,  2>2~ and e>0.  Now we show that in- 
equality (3.4) holds for 2 = 0 as well. 

First we extend inequality (3.4) to bounded non-negative functions f by the 
Lebesgue convergence theorem. Then using (3.2) and (3.4) we see that for 2 >).~ 

~R~ f (x) v (~) d x = ~ 2"-x ~ (~R])"f (x) v (~) (x)d x 
n = l  

> ~ ) , -  1 ~ { _ )@R~)"f(x) + ( ~ ) " -  if(x)} #(~)dx 
n = l  

Now using the Fubini theorem and the symmetry of k again we get the 
inequality 

(~R~o f)(~) v (d x) >= ~f(~) /2 (d x). 

Step2. Define k ~ = U * y .  Note that the kernels k ~ have the property (3.1). 
Thus, by virtue of what we have just proved in step 1, 
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(91~f) (=') v (d x) >__ ~f(~ ") ~ (d x) (3.5) 

for every e, r > 0  and non-negative fsC~(1R"), where the double indices er and 
(er) indicate that the kernel U ~ is used (instead of the kernel k =) in the 
corresponding definitions. Next we let r+0 in (3.5) using the following 

Proposition 3.1. Let x'~ be the solution of the equation 

d x (t) = (a(=n)~ (x (t) d W(t) + b(= n (x (t)) d t 

with initial condition x(~n(0)=x , where a(=~), b(, o are defined like a(.) and b(~) but 
using the kernel U r instead of k ~. Then for rj, O we have x=~(t)~x,(t) in probabili- 
ty, uniformly in t on every finite interval. 

Proof It is easy to see that for r$0 

(a(=r and b(=~)(x)-~b(=)(x) 

for xslR', uniformly on every compact set of IR'. Moreover (a(~)) ~ and (b(,)) ~ are 
bounded and they satisfy a Lipschitz condition on {x:lxl<R} for every R. 
Thus our proposition follows immediately from Theorem 3 of [2]. 

The proposition implies that 

=r ~ ~ r $ 0 ,  for every xMR =. fflof(X) Olof(X) as 

Thus taking r+0 in (3.5), by the Lebesgue theorem we get 

~(9t~f) (~) v(dx) > ~ f(=) #(d x). (3.6) 

Starting with the reversed inequality in (2.1) we can prove the opposite in- 
equality in (3.6). The rest of the lemma is evident. 

The Proof of Lemma 2.2 

Step 1. Suppose that h has the property 

o-@h(t,x) < Kh(t,x) 

(3.7) 
~ h ( t , x )  <=Kh(t,x) 

for all i, j =  1,2 . . . . .  n. Then %), b(,) and c(=) have bounded continuous spatial 
derivatives up to the second order on (0, or)x IR" for every e> 0. Consequently 
(a(~)) -~ and b(,) satisfy a Lipschitz condition in x on (0, oo)x N' .  It is easy to see 
that at,), b(,) and %) are bounded continuous functions on (0, or)x N". Note 
that a(=), b(~) and c(,) are not defined if t=0 .  But since it suffices that the 
conditions of the existence and uniqueneness theorem be satisfied at every x 
for almost all t only (see e.g. [2]), it follows that Eq. (2.3) has a unique (strong) 
solution x~ x for every e > 0. 

Now we need the following 
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Proposition 3.2. For every non-negative f~C~( [0 ,  0o) x IR ~) the equation L~u+f 
= 0 has a unique solution u ~  C~' 2 ((0, oo) x IR'). (C~' 1 (X) for X ~ [0, oo) x ~-~ is 
the set of functions f :  X~]R such that f has m bounded continuous time 
derivatives and bounded continuous spatial derivatives at order less than or equal 
to 1 on X.) This solution is also non-negative. 

Proof. This follows immediately from a theorem of Krylov ([5] Th. II.9.10), 
which can be formulated for our purposes as follows: 

Let ~7=(giJ), b=(bi), ~ and f be bounded continuous functions on [r, oo) 
x IR ~ taking values in tR ~• ~, ~ and ~, respectively. Suppose that their deriva- 

tives in x up to second order are bounded and continuous functions on [r, oo) 
x IR ". Assume moreover thatf(t ,x)=O if t>__ T for some fixed Ts[r, oo). 

Set d=�89 T. Then the equation 

0 ~_-i  02 - - -  0 - 
=-u+ ~ a ~ u  + ~ b i ~ - c f f  + f =O 
O t  i , j  (~X  (TX  j O X  

has a unique solution ge C~'2([r, oo)x IR~). 
Moreover, this solution is non-negative and 

sup lul+2 T~u +~ ~ a  =<g, 
(t ,x)e[r,  co) x ~  . i [ ~ ' "  I i , j l  . . . . . .  I" 

where the constant K depends only on n, T, on the suprema of the functions & 
b, ~-, f, and on the suprema of their spatial derivatives up to the second order. 
Applying this theorem to the equation L~ u + f = 0  in the domains [rn, oo)x IR" 
for 0<r~$0, we obtain the desired result. 

From inequality (2.10) it is easy to get that 

u(~)v(dt, dx)>= ~ Lu(~) #(dt, dx) (3.8) 
[o, co) •  [o, co) x~n 

holds for every u~C~~ ~)xlR") .  Using the Fubini theorem, inequality (3.8) 
can be rewritten as 

ur - ~ (L~u)#(*~)dtdx. (3.9) 
[ 0 ,  co) x ~ .  '~ [ 0 . c o )  x N ~  

Now we show that this inequality holds for u = u~. 
First we define u~(O,x)=limu~(t,x) for every xelR" and u~(t,x)=u~(O,x) for 

t~o 8 
t<0 .  Note that limu~(t,x) exists, since, by the proposition ~u~(t,x) is 

t $ o  \ 

bounded on (0, oo)x ]R n for every e>0 . )  Then taking non-negative functions 
1 

w~C~ n+t) such that ~t ld tdx=l  and w = l  on {(t,x)~F,f +t" l (t, x) t _-< l }, we 
define u~*):-=u~*h ~ and 11R(t,x)=tl(R-lt, R- lx) .  Replacing u in (3.9) by ,,(~)~ we "IR 

and then taking R ~  we get 

u~r) v(*Odtdx>= -- ~ (L~u~r))#(*~)dtdx. (3.10) 
[ 0 .  o~) x~.~  [O, co) x]R~ 

, l 
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From the proposition it follows that for every s > 0 

0 2 
u(~) c? u(~) and u~ ~) 
-'~ , ~ [  ~ 8x~ ~x; 

are bounded for every i, j, uniformly in r. 
Thus, taking the limit r ;0  in both sides of the inequality (3.10), we obtain 

(3.9) for u = u~ by the Lebesgue convergence theorem, i.e., 

S u~ v(*~)dtdx> - ~ (L,u~)# (*~)dtdx" 
[0, oo) xN ~ [0, oo) xlR n 

: / 

Since L~u~+f=O and by the Ito formula u~=9l'f, this inequality can be 
rewritten as 

~tl'fv(*')dtdx> ~ fu(*~)dtdx. 
[o, oo) x~ -  [o, oo) xlp,~ 

Hence, using the Fubini theorem again 

(9l'fff) v(dt, dx) > ~ fc~) #(dt, dx) 
[0, ao) x N '~ [0, ~)  x ~.~ 

for every non-negative f e  C~ ([0, oo) x IR'). 

Step 2. Now in the case of general kernel h we use the same devices as before: 
We take the function p(x)=(l+lxlZ)-"(S(l+Ixl2) -~) 1 and consider the 

kernels W(t, x)= (h, pr)(t, x) where the convolution is understood with respect to 
the variable x. It is easy to see that h r has the property (3.7) for every r. 

Thus, by virtue of step 1 for every f eC~( [0 ,  oo)xP,") we have the in- 
equality 

(gWfffr)v(dt, dx)> ~ fI~) g(dt, dx) (3.11) 
[0 ,~)  x ~ :  [O, co) x~,~ 

for every positive s and r, where the appearance of the extra index r means 
that the kernel h ~ is taken everywhere instead of h. It remains to take r$0 in 
(3.11). It is easy to see that for r$0 

(a(~,))~ (t, x)-+ (a~)) ~ (t, x) 

b(~)(t, x)--*b(~)(t, x) (3.12) 

%,(t, x)---,%(t, x) 

for every (t, x)e(0, oo)x IR", uniformly on compact subsets. Moreover, (a~) -~, b~) 
are bounded and satisfy a Lipschitz condition in x on {(t,x)s(0, oo)xlR"" 
](t,x)]<R} for every R. Therefore, by Theorem 3 from [2], for every / t>0 and 
T > 0  

s x  s x  _ _  l imP[  sup Ix~(t)-x~ (t)]>~2]-O (3.13) 
v,~O O ~ t ~ T  

for every s >0  and xslR". Taking into account that % is bounded uniformly in 
r, by using (3.12) and (3.13) we get for every e>0  that 

lim(~R~f) (s, x) = (9t~f)(s, x) (3.14) 
r ;O  
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for every (s,x)~[0, oo)x Nn, and that for all r 

]!rF~fl < K (3.15) 

with a constant K. Further, it is easy to see that for every ~ >0  

lim h ~ (t, x) = h ~(t, x) (3. l 6) 
r l 0  

lim f(~")(t, x)=f(")(t, x) (3.17) 
r ~ 0  

for every ( t , x ) e N  "+1, and for every (t,x)~[0, oo)x IR" respectively. 
Now using (3.14)-(3.17), we obtain (2.8) for every e>0,  by taking r$0 in 

both sides of (3.11) and using the Lebesgue convergence theorem. Hence the 
rest of the lemma follows easily. 

4. Coincidence of the One-Dimensional Distributions 

Consider the processes 
t t 

(t) = S (s) d W(s) + S (s) d s 
0 0 

t 

(P(t)= ~ 7(s) ds 
0 

from the introduction. Suppose that a =  ~(~r satisfies the condition 

2 ~ i J z i z J ~ p  ]ZI 2 (4.1) 
i , j  

for every (t,o))e[0, ~ )  x O and zMR n, where p is a fixed positive constant. 
Let t/(t)=(t, ~(t)), and let # be the Green measure of t /with killing rate 7, i.e. 

o9 

# (F) = E ~ Zr (~ (t)) exp ( - q~ (t)) d t, 
0 

for every Borel set F c [0, oo) x IR n. 
Let f = f ( t ,  co) be a bounded non-negative measurable process. Then it is 

easy to see that the measure # f  defined by 

O3 

#I(F) = E ~. ;gr (t/(t))f(t) e x p ( -  ~o (t)) d t 
o 

is absolutely continuous with respect to #. 
Let us define the functions a=(aiJ(t, x)), b = (bi(t, x)) and c = c(t, x) as follows 

" dPi~/ bi:= d#~ and c= d#~. at2  : - -  

d# ' d#  d# 
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N o t e  tha t  a, b and  c are Borel  measurab le  functions on [0, co) x ~,." and if (ct,/3, ~) 
take values in a bounded  closed convex set A c l R "  • x IR" x N then a, b, c can be 
chosen such tha t  (a(t, x), b(t, x), c(t, x))sA for all (t, x )e [0 ,  oo)x IR". Thus  a, b, c 
are bounded  and 

~ aiJ zi zJ > p [z[ 2 (4.2) 
i,j 

for every ( t ,x )s [0 ,  c o ) x N "  and z~N".  
N o w  let us take the kernel  h f rom Sect. 2 and suppose  that  0 < # ( * o <  co on 

(0, ~ )  x IR" for every e > 0. 
Then  defining the functions _ u - ~ f rom a, b and c by %)-(a(~)),  bco-(b(~)) and c~) 

the formula  (2.7), we state the following 

L e m m a  4.1. Let z~(t)= (u~(t), x~(t)) be the solution of the equation 

du~(t)=dt 

dx~(t) = (a(~))~(u~(t), x~(t) dW(t) + b(~)(u,(t), x~(t)) d t (4.3) 

z~(O)- --Zo~ 

where Z~o is a random variable in IR "+ 1, independent of the Wiener process W and 
having the density h *~. Then for ~,~0 the Green measure of the process z~ (with 
killing rate %)(z~(t))) converge weakly to the Green measure #. 

Proof Let  v be the measure  defined by v(F)=7~r(0) for every Borel  set 
F ~ I R  "+ ~, where 0 is the nul l-vector  of  ~"+~ .  

Apply ing  the I to  fo rmula  for u(t, ~(t)) we have 

co 1.~ ij~ c? 2 
~uv(dx, d x ) = u ( O ) = - E  ! { ~ u ( t , ~ ( t ) ) + ~  ( t ) ~ u ( t , ~ _ ( t ) )  

+ ~ / 3 i ( t ) ~ u ( t ,  ~(t))--7(t)U(t, ~)} exp((0 (t))dt 

8 1 8 , 
=_ ~ ~u(t,x)#(dt, dx)+=Y.~u(t ,x) tz](dt ,  dx) 

[0,co) x ~  (jr ~-i,jOX~OX" 

+ 2 L u(t,x) #~(dt, dx)-u(t,x) l~,(dt, dx) 
i UX 

= - ~ Lu(t,x)ll(dt, dx) 
[o ,~)  x~-  

for every ue C~([0 , ~ ) x  ]R"). Hence by Lemma 2.2 

f (t,x) #(dt, dx)= lim(~f)(')(O) 
[0,~) •  ~ aS0 

/ 

holds for every fe  C~([0, oo) • N"). 
We can now finish the p roof  by noticing tha t  (gt~f) (.3 is just  the integral  of 

f on [0, oo) x N." with respect  to the Green  measure  of  z~(t). 
F r o m  now on we take h(t,x)=t~(t)p(x). Our  theo rem will be p roved  after 

some proposi t ions .  
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Proposition 4.2. The Green measure # is equivalent to the Lebesgue measure m on 
[0, oo) • ~n,  i.e., 

(i) # < m  

(ii) m ~/~. 

Proof. The assertion (i) is well-known (see [-5]). We sketch the proof  of (ii). w e  
can see that  for all e > 0 

i j  i I%)[ +Y, Ib(~)l +c(~)<=g (4.4) 
i , j  i 

on (0, o o ) x N  ", where K is some constant,  which does not  depend on e. 
Moreover  f rom (4.2) it follows that  for all e > 0 

it  ~a(~)(t,x)z f l>p Izl ~ (4.5) 
1,J 

for every (t, x)e(0, oo) x N"  and z~N".  Thus we can apply Corol lary  IV.1.8 from 
[4], which states the following: Suppose that  for every e > 0  we have a non- 
negative function f~EC~((0, o o ) x N  ") such that  lim(t~,G)=(to, Xo)~(O, oo)~P," 

~$0 
implies limu~(t~,x~)=O, where GEC~2((O, oo)xlR ~) is the solut ion of L~u~+f~ 

e.~0 
= 0. Then  for every 2 > 0 

lira m({(t, x):f~ > 2} c~ QrR) = 0 
e$0 

for every T >  t o and R > 0, where Qrn = (to, T ) x  {xMR": I xl __<R}. 
Combining this s tatement  with L e m m a  2.2 we get assertion (ii). 

Proposition 4.3. For eJ, O 
%)(t, x)-,a(t, x) 

b(~)(t, x)~b(t, x) 

%(t,x)-~c(t,x) 

for m-almost all (t ,x)e[O, oo] x 9V. 

d/~ be denoted  by g. It is not  difficult to show that  for Proof Let  gJ, O 
dm 

(ai~ #)(*~) ~aiJ(t, x) g(t, x) 

#(*~) (t, x ) ~ g  (t, x) 

for m-almost all (t, x)e  [0, oo) x IR n. 
Consequently,  

lira ai~)(t, x) = l im(a i~)  r lim(/F~)) - 1 = aiJ(t, x) 

for m-almost all (t,x)~[O, oo)x lR n. The  other  assertions can be shown in the 
same way. 
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Proposition 4.4. Suppose 7(t) is a deterministic process (i.e. it does not depend on 
coEO). Then 

aiJ(t, x) = E(0tiJ(t) [ ~ (t) = x) 

hi(t, x)= E(fii(t) l ~ (t)= x) 

c(t, x) = E(v (t)l ~(t) = x) 

for m-almost every (t, x)e [0, oo)x IR ". 

Proof. Recall the definition of E(aU(t)i{(t)=x) via the Radon-Nikodym theo- 
rem: 

One considers the measure Q, defined by the formula 

Q,(F) = 5 ZF(~-(t)) ~U(t) P(dcg) 
t~ 

for every Borel set FcIR" .  It is obvious that Qt~Pt, where Pt is the distribution 
of {(t) on IR". Therefore there exists a function q(t,x), such that q(t,.) is Borel 
measurable and for every tE[0, oo) 

Qt(F) = ~ Zr(X) q(t, x) Pt(dx) 
IR 

holds for every Borel set F. For  every t the function q(t,.) is unique up to a set 
of P,-measure 0. Since ~(t, c0) and c~q(t) are measurable in (t, c0), one can show 
that q(t,x) can be chosen to be Borel measurable in (t,x). We define 
E(~~ It is easy to see that for every t E(aiJ I ~(t))=q(t, ~(t)) P- 
almost surely. 

By the Fubini theorem 

oo 

#~ = J E [Zr(t, ~(t)) exp((p(t)) zti~(t)} dt 
0 

oo 

= E ~ Zr(t, ~ (t)) e x p ( -  cp (t)) E(~u(t) l ~ (t)) d t. 
0 

d ~  j 
Hence it follows that ~ = E (a 0 (t)[ ~ (t) = x) for/~ ~ m-almost every (t, x) e [0, oo) 

x IR". Similarly we get that bi(t, x) = E(fii(t) lfi(t) = x) and e(t, x) = E(7(t)[fl(t ) = x). 

Proposition4.5. For a sequence g,.~O the distribution of the process z~ from 
Lemma 4.1 converges weakly on C[0, T]  to the distribution of  the process ~(t) 
=(t,~(t)) for every T>=O, where X(t) is a weak solution of the equation 

d •(t) = a ~ (t, Y(t)) d W(t) + b (t, :V(t)) d t 

with initial condition N(0)=06JR". 

Proof Taking into account (4.4), (4.5) and Proposition 4.3, we can prove this 
proposition in the same way as Theorem II.6.1 in [5]. 

Now we prove our main result which we stated in the introduction. 
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Theorem 4.6. Under the condition (4.1) there exist bounded measurable functions 
a: [0, ~ )  x ~ . "~ ]R  "• and b: [0, ~ )  x l R " ~ R "  such that a(t ,x)= {E(f( t )~r( t ) l~( t  ) 
---- X)}-~, b (t, x): = E (fi (t)[~ (t) = x) m-almost all (t, x)~ [0, ~ )  • IR", and the stochastic 
differential equation 

dx(t) = a(t, x(t)) dW (t) + b(t, x(t)) d t 

x(O)--o 

admits a weak solution ~(t) which has the same one-dimensional distributions as 
~(t). 

Proof F r o m  L e m m a  4.1 and Proposi t ion  4.5 we get that  the Green  measure of 
(t,~(t)) (with killing rate 7) is identical to the Green  measure of (t,~(t)) (with 
killing rate c(t, ~(t))). Let  us take 7(0 = 1. Then  we have e(t,x)= y =  1 and 

co  oO 

E ~ e- i f ( t ,  r  S e- t f ( t ,x( t ) )  dt 
o o 

for every bounded  non-negat ive Borel  measurable  function f Taking f ( t , x )  
= e-Ztg(x)  with arbi t rary  non-negat ive constant  2 and functions g E C o ( ~  ~) we 
get 

e -  4, e - t  E g(~  (t)) d t = ~ e -  z t e -  t E g (e(t))  d t (4.6) 
o o 

for every 2 > 0  and g e C o ( N "  ). 
Since Eg(ff(t)) and Eg(~(t)) are cont inuous in t, f rom (4.6) we get that  for 

every t > 0 
Eg(Y(t)) = Eg(r 

for every g6Co(lR"). Hence it follows that  the distributions of ~(t) and if(t) are 
the same for every t > 0. 
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