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Summary. Let £(f) be a stochastic process starting from 0 with Ito differen-
b
ial A1) =5(t, ) AW () + B, w) dt,

where (W(1),&,) is a Wiener process, § and f§ are bounded g, -nonantic-
ipative processes such that 667 is uniformly positive definite. Then it is
proved that there exists a stochastic differential equation

dx(t)=0o(t,x@t))dW )+ b(t,x(t)) dt

with non-random coefficients which admits a weak solution x(z) having the
same one-dimensional probability distribution as £(t) for every t. The coef-
ficients ¢ and b have a simple interpretation:

o (t,x)=(E( 3T M€=, b(t, x)=E(B1)£()=x).

1. Introduction

The subject of this paper is the construction of simple stochastic differential
equations whose solutions mimic certain features of the behaviour of the
solutions of more complicated equations. The prototype for investigations of
this kind, and the immediate inspiration for the work presented here, is a
recent result of N.V. Krylov [3], which is described in some detail below. Our
first task will be the filling of a small gap in Krylov’s proof of a crucial lemma.
We then prove an analogous lemma in another setting.
Let £(¢) be a stochastic process of the form

f(t)=§5(s, co)dW(s)+§ﬁ(s,w)ds, (LO)
0 0
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where (W(s),&,) is a k-dimensional Wiener process on a probability space
(2, &, P) equipped with a stochastic basis (§,),>, and J, f are bounded measur-
able §.-adapted processes taking values in R"** and R" respectively. The
path-wise behaviour of £(¢) may depend, via the random coefficients (s, w) and
B(s,w), in an extremely complicated way on the past §,. But suppose we are
interested in an aspect of the behaviour of ¢ which depends only on, say, the
position in the state-space: for instance, the amount of time that the process
spends in the vicinity of a given point. Then one might hope to find a
stochastic process x(f) mimicking this feature (in a sense to be made precise
below) and satisfying a “simpler” stochastic differential equation of the form

X(t)=(§)0(>€(t))dW(t)+£b(X(t))dt,

where the coefficients ¢ and b are now non-random, and depend only on the
position in the state space.
To formulate Krylov’s result, consider the Green measure, defined by

W(D)=E{ xr(@exp ( ~ [ 0)ds) di
0 1]

{(x; denotes the indicator-function of the set I') for every Borel set I'cIR",
where y is a non-negative §,-adapted stochastic process, the killing rate. (If
£(w) is killed on the time interval (¢4 4t) with probability y(t,w) At +o(4¢),

t
then exp (—fy(s, w)ds) is the probability of being alive at time t.) Recall that
0

one says that the stochastic differential equation
dx(@)=f(t,x0)dW () +g(t,x(@)de;  x(0)=0

has a weak solution, say X(z), if there exists a probability space (2, &, P) and a
Wiener process (w(f),&,) on it, such that X(t) is an §,-adapted stochastic
process which satisfies the equation

x@0)=]1G, i(s))dW(s)-%(j)g(s, %(s))ds
0

(see e.g. [6]).
We can now formulate Krylov’s theorem as follows: Consider a process of
the form (1.0). Let y(¢, w) be fixed. Suppose that for all 1= 0 and we2

88T (t,w)z A I, (L, w)= Ay, 1.1)

where 87 is the transpose of the matrix 6, I is the n x n identity matrix and 2,,
A, are positive constants. Then one can define non-random functions o:
R"-»R" " b: R"->R" and c: R"—>R, such that the time-homogeneous stochas-

tic equation
dx(®)=o(x@)dW@)+b(x®)dt, x(0)=0 (1.2)

has a weak solution, having the same Green measure (with killing rate c¢(x(%)))
as & (with the killing rate y(z)).
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Krylov's result makes it natural to ask whether it is possible to construct
simple processes which mimic other aspects of the behaviour of £(t). Following
a suggestion of Krylov, we show that this is possible for all the one-dimension-
al marginal distributions of &, that is, that one can construct a process x
satisfying a simple stochastic differential equation such that the distributions of
&(ty and x(r) are identical for all ¢. Naturally the coefficients in this equation
will be functions of (¢, x):

dx(t)=a*(t, x(t)) dW () +b(t, x(t)) dt (L.3)

(a* denotes the positive definite square root of the positive definite matrix a).
The coefficients in this equation, unlike those in (1.2) have a simple intuitive

interpretation:
a(t,x)=E(4(t) 3" (1) £ (1) =x)

b(t, x)=E(B(®)| (1) =x).

Note that our theorem does not imply Krylov’s result, since the Eq. (1.3) is not
time-homogeneous. Indeed, it might seem, at first glance, that our result
follows from Krylov’s by considering the time-space process (¢, £(t)). But this is
not so: Krylov’s theorem does not apply to this process because the diffusion
coefficient does not satisfy the regularity condition (1.1).

To get an idea of the method of proof, consider the special case in which f
=0 and all the processes are scalar valued. Choose a smooth function u(t, x)
which is identically 0 for large ¢+|x| (le. ueCg([0,00)xR)). Apply Ito’s

t

formula to u(t, £(t)), where &(t)={d(s, ) dW(s):

3 57Ut EM) B0

du(t, éf(t))= »¢(

(t é(t))df(t)+
Taking expectations we get

Eu(T, £(T) ~u(0,0)= Es(a 0400+ 52(t)-u(r L) di

T

=|E ({ +5 E(éz(t)lé(t)),a } (t,é(t)))dt

0

for every Tz 0. This gives us for every ue C3 ([0, o) x R)

i

1 62 )u(z x)dp,(x)dt (14

0
ul(t, x)v(dt,dx)= —j f ( 70 6

with p,(dx):=P(¢(t)edx), o(t, x):=(E(5%(t)| ()= x))* and Dirac measure v, con-
centrated at (0,0)eR"+1,

The relation (1.4) can be taken as an equation satisfied by the distributions
P(£(t)edx) of the original process. Consider on the other hand a weak solution
of the stochastic differential equation

dx(t)=o(t,x()dW(t), x(0)=0. (1.5)



504 L Gydngy

It is clear by Ito’s formula that the one-dimensional distributions P(x(t)edx)
satisfy (1.4) for every ue C3 ([0, o) x R) as well.

This consideration suggests how to mimic the process &(r) with respect to
its one-dimensional distributions. Since ¢* can be chosen uniformly positive
definite and bounded, a well-known theorem guarantees that (1.5) has indeed a
weak solution. If we could prove that the Eq. (1.4) suffices to identify the
distributions P(£(t)edx) then our theorem would be proved. Unfortunately a
uniqueness theorem of this kind has only been shown for smooth functions
o(t,x). Following Krylov we circumvent this difficulty as follows. Starting from
the Eq. (1.4) we choose approximations of ¢ by smooth coefficients ¢, with
random initial conditions such that the Green measures of the corresponding
processes (u,(t),x,(¢)) converge weakly to the Green measure of (¢,£(1)), ie., to
P(&(t)edx)dt. On the other hand we see that the distribution of (u,,x,) on
C[0,T] converges weakly to the distribution of the process (¢,x(t)), provided
6,~c, where x(f) is a weak solution of the Eq. (1.5). Hence we get our result by
noting that the coincidence of the Green measures of the processes (¢, £(t)) and
(t,x(t)) implies the coincidence of the one-dimensional distributions of the
processes &(t) and x(1).

The main step in the proof is this approximation procedure. It forms the
content of our Lemma 2.2, which will be a time-dependent version of Krylov’s
lemma, restated below as Lemma 2.1.

Lemma 2.2 deals with a more general situation: Instead of the measures v
and du,(x)dt from (1.4) we consider arbitrary measures v and p on [0, o0) x IR”,
and instead of the Eq. (1.4) we start with an inequality of the form

Q= R

Jut,x)v(dt,dx)= — Oj? j u(t,x)u(dt,dx)
0 R

R»

valid for every non-negative function ue C ([0, c0) x R"), where L is a second
order partial differential operator of parabolic type.

Acknowledgements. The author wishes to express his thanks to N.V. Krylov in Moscow for
suggesting the problem and for helpful advice, and to H. Dinges and B. Ferebee in Frankfurt for
their help in preparing the paper.

2. Notations and the Fundamental Lemmas

Let S; denote the set of -all symmetric positive semidefinite nxn matrices.
With a:=(a"), b:=(b") and ¢ bounded Borel measurable functions on IRR"
{taking values in S, R” and IR respectively) we associate the differential

operator 5

5
Zall Xt o x ,+Zbl x)«?__c( )

In the situation in which we will be interested we are given two non-negative
finite measures v and u with the following property

fux)vdx)= — | Lu(x) u(dx) 2.1
R

R”®

for every non-negative function ue C3(R").
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(If X is a subset of a Euclidean space then Cg(X) denote the set of all
infinitely differentiable functions u: X —R having compact support.)

We shall make use of the following smoothing devices. We fix a non-
negative function ke C*(R") such that {k(x)dx=1 and k(—x)=k(x) for all x.
Put k*(x)=¢ "k(¢~ ' x) for every ¢>0.

For bounded measurable function g we define the measure gu by

(g =[x (x) g(x) u(dx).

Convoluting this measure with the measure k®(x)dx we define the measure
(g )@ (x)dx, where the density function (with respect to the Lebesgue measure)

s given by
1s given (g ()= [k (x—y) g(y) u(dy).

Suppose that p(x) is positive on R" for every & Then the measure (gu)®dx
has a smooth Radon-Nikodym derivative

_gw®
2. ! (2.2)
@° #( e

with respect to measure u®dx for every bounded measurable g.
We smooth the coefficients of L by the formula (2.2) and together with L
we consider the operators

1
Le—_z (6) za j Zb(S)(x) C(E)(x)

and the time-homogeneous stochastic differential equations
dx(0) = () (x() AW (1) + by (x(0) dt (23)

defined on a probability space (©, &, P) equipped with a filtration (&,),», and a
Wiener process (W(1), §,). B

(By (a,,)* we denote the symmetric positive semidefinite square root of the
matrix a,.)

We denote by x¥ a solution of this equation with initial condition x(0)
=xeR" For a function g we denote by g© the convolution g=k®.

Now we formulate the fundamental lemma in the time-homogeneous case.

Lemma 2.1 (Krylov [3]). Let the differential operator L and the measures v and
u be as above, in particular satisfying 2.1. Assume c(x)=p>0 for every xeR”.
Define for every positive constant A and ¢>0 the operators R5:

RS (X)=Eoff (3 (1)) exp (— £ C(s)(x’s‘(s))ds—/lt) dr.

Then for every non-negative function feCg(R"™) the functions R f(x) are con-
tinuous in x and

fn(‘R% NI vdx)z | fO ) udx), (2.4)
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in consequence
lini inf [(R5.£)9(x) v(d ) Z [ f (x) p(d ). (2.5)

If the inequality in (2.1) is reversed then it is also reversed in (2.4) and (2.5),
where lim inf in (2.5) is replaced by lim sup.

Our definitions in the time-dependent case are straight-forward generaliza-
tions of the above. Thus we consider the operator

8 2

1
L=6—+ ai(t, x) S5y J+b {, x) —c(t, x),
where a=(a"), b=(b") and ¢ are bounded measurable functions defined on
[0, o) x R" and take values in the same sets as before.

We suppose that for every (¢, x)[0, c0) x R"

Y adi(t,x)z' 2z A|z)? (2.6)
2%
for every z=(z)eR", where 2 is some fixed positive constant and |z| denotes
the norm of z in R™
The measures v and p are supposed to be defined on the Borel sets of
[0, o) x R". Instead of the kernel k we consider the kernels h(t, x)=(t) k(x)
and h*(t,x)=h(—t, —x)=y(—t)k(x), where yeC¥(R) such that [y (r)di=1,
Y()>0 on (—1,0) and ¥ (t)=0 elsewhere. We set h*(t,x)=e "t h(e~ 1,67 x)
and h"(t,x)=h*(—t, —x), and denote by m® and m" the convolutions
(> om)*h® and (x,» om)=h™ respectively, where m is a measure or a function on
R”*'. The smoothing is defined by

So=(f W) ~! 2.7)

for functions f defined on R*+*,
We consider the operators

Jd 1 0
- +§§ o, x) 15 J+Zb(g)tx)a\i—c(£)(t,x) (2.8)

and the stochastic differential equations
dx(t)=(a)* (t+s,x(0) dW(t)+ bt +s5,x(t) dt 2.9)

for every s=0, where the coefficients a,,, b, and c,, are defined by the formula
(2.7) from a, b, and ¢ respectively.
Our fundamental lemma is formulated as follows.

Lemma 2.2. Assume that oo > pu"®(t,x)>0 on (0, 0) x R" for every &>0. Suppose
that
[ ut,x)vdedx)z— | Lu(t,x)u(dt,dx) (2.10)

10, 00) xR [0, ) xR

Jor every ue C3 ([0, co) x R").
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(CF([0, 0) x R") denotes the set of infinitely differentiable functions f, having
compact support, i.e., f(t,x)=0if t+(x| is large enough.)

Let x** be a solution of the Eq. (2.9) with initial condition x}*(0)=xecIR", and
let

REf (s, x)-——EO(jjf(s—H, x5*(t)) exp (—ic(a)(s-w, xf‘(y)dr) dt.

Then for every non-negative fe Cg ([0, oo) xIR")
[ @®NIvdedx)z | f9udtdx) (2.11)

[0, 0) xR" 10, 0) x R

for every ¢>0, and thus

lim inf [ (Rf)® v(dt,dx) 2 | f u(dt, d x). (2.12)
el0

If inequality in (2.10) is reversed then it is also reversed in (2.11) and (2.12) with
lim sup in (2.12) instead of lim inf.

3. The Proofs of the Fundamental Lemmas

Krylov’s proof of Lemma 2.1 is incomplete because the coefficients a,,), b,,, and
¢ are assumed to have bounded derivatives in x up to the second order,
which does not hold in the case of general kernels k.

In this section we show that it is easy to get around this difficulty by
approximating the kernel k and using a limit theorem from [2]. We use the
same approximation procedure in the proof of Lemma 2.2 as well. In both
cases we use a special kernel

p(x)=(1+(x*)~ (f(1+lxi2) "dx)~,

/

and we make use of the fact that p has the property

0
ﬁx‘p

for every i, j=1,2,...,n, where K is some positive constant.

2

0
axiox’

()| =Kp(x), p(x)|=Kp(x) G.1)

The Proof of Lemma 2.1

Step 1. Assume, in addition that for every ¢>0 the kernel k° has the property
(3.1). This implies that afj, bzs) and ¢, belong to Cz(R"). (Cy(R" is the set of
functions f: R"—>IR possessing bounded continuous derivatives of order up to
and including m.) In this case Krylov’s proof goes through without change. For
sake of completeness we repeat his proof now.

Since a,(x) is non-negative definite for every xeR”" and a,¢ CZ(R™), one
knows by a theorem of Freidlin [1] that (a(s)) satisfies a Lipschitz condition
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on R" It is easy to see that af,, b, and ¢, are bounded, uniformly in e
Consequently, by the classical existence and uniqueness theorem of Ito, Eq.
(2.3) has a unique (strong) solution x¥ for every initial condition xF(0)=xeR™
Moreover it 18 well-known that x¥(¢) depends continuously (in probability) on
the initial value x and that x} is a Markov process. Thus we have

Ri=R.+(x—HR.RE 32)

Ry= ) (=9~ ()"

n=1

for x> —p, 3> —p and |k — 9| <p+xk, where the series converges in the Banach
space of linear operators mapping C,(R") into C,(R"). {It is easy to see that
|RE|<(p+x)~') From [7] it is known that there exists 4,>0 such that for
every A=A, and feCy(R") the equation Av—L,v=f admits a solution
v,e CZ(R". By the Ito formula v,=R’f. One easily sees that inequality (2.1) is
valid also for non-negative functions e C*(R"), which are bounded and have
bounded first and second derivatives. In order to show this, let we Cg (IR") such
that 0Zw<1 on R” and w(x)=1 if |x]<1. Then replacing u(x) in (2.1} by
#(x) h(rx) for r>0 and taking r—0 we get

[a(x)v(dx)z — [ Lia(x) p(d x) (3.3)

Rr
7

by the Lebesgue theorem. Now replacing @ in (3.3) by (v} and then using the
Fubini theorem and the symmetry of the kernel k* we obtain

[0, () dx 2 — [ L, () 4 () d
Hence, since —L,v,= —Av,+f and v,=R’ [, we get
[RE VP dxz (= AR+ P dx (3.4)

for every non-negative feCy(R"), A=A, and ¢>0. Now we show that in-
equality (3.4) holds for A=0 as well.

First we extend inequality (3.4) to bounded non-negative functions f by the
Lebesgue convergence theorem. Then using (3.2) and (3.4) we see that for A> 4,

[Re f(x)vPdx= i AR () v (x)d x
1

n=

Z2 ) A {= AR )+ (RY S (0} P dx
n=1
=/ () O () dx.
Now using the Fubini theorem and the symmetry of k again we get the
inequality
JR)Ovdx) = [f udx).

Step 2. Define k*"=k®% p". Note that the kernels k** have the property (3.1).
Thus, by virtue of what we have just proved in step 1,
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JRENDvdx)Z [ p(dx) (3.5)

for every ¢, r>0 and non-negative fe C¥(R"), where the double indices er and
(¢r) indicate that the kernel k¥ is used (instead of the kernel k%) in the
corresponding definitions. Next we let r |0 in (3.5) using the following

Proposition 3.1. Let xI, be the solution of the equation
Ax(0)=(a,,)* (x(t) dW (£) + b, (x (1) d¢

with initial condition x,,,(0)=x, where a,, b, are defined like a,, and b, but
using the kernel k* instead of k*. Then for r|0 we have x,,(t)—x,(t) in probabili-
ty, uniformly in t on every finite interval.

Proof. It is easy to see that for r}0
(a(er))%(x)—_)(a(a))%(x) and b(ar)(x)*’b(s)(x)

for xelR", uniformly on every compact set of R”. Moreover (a(g))% and (b(g))% are
bounded and they satisfy a Lipschitz condition on {x:{x|<R} for every R.
Thus our proposition follows immediately from Theorem 3 of [2].

The proposition implies that

Ry f(x)>R, f(x) as r|0, for every xeR™
Thus taking r {0 in (3.5), by the Lebesgue theorem we get
[N v@dx)z [ ndx). (3.6)

Starting with the reversed inequality in (2.1) we can prove the opposite in-
equality in (3.6). The rest of the lemma is evident.

The Proof of Lemma 2.2

Step I. Suppose that h has the property

0
~—h =
56 %)| SKh(e, )

; (3.7)
\mh(z, x)| <K h(t,x)

for all i, j=1,2,...,n. Then a,, b, and ¢, have bounded continuous spatial
derivatives up to the second order on (0, o) x R" for every £>0. Consequently
(a,)* and b, satisfy a Lipschitz condition in x on (0, o) x IR™. It is easy to see
that a,, b, and ¢, are bounded continuous functions on (0, ) x R”. Note
that a,, b, and ¢, are not defined if t=0. But since it suffices that the
conditions of the existence and uniqueneness theorem be satisfied at every x
for almost all £ only (see e.g. [2]), it follows that Eq. (2.3) has a unique (strong)
solution x* for every £>0.
Now we need the following
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Proposition 3.2. For every non-negative feCZ ([0, c0) xIR"} the equation L u-+f
=0 has a unique solution u,e C}2((0, 0) x R". (Cy>*(X) for X <[0,00)x R" is
the set of functions f: X—R such that f has m bounded continuous time
derivatives and bounded continuous spatial derivatives at order less than or equal
to 1 on X.) This solution is also non-negative.

Proof. This follows immediately from a theorem of Krylov ([5] Th.I1.9.10),
which can be formulated for our purposes as follows:

Let =(¢"), b=(b'), ¢ and f be bounded continuous functions on [r, o)
xR” taking values in R**”, R" and R respectively. Suppose that their deriva-
tives in x up to second order are bounded and continuous functions on [r, )
x IR". Assume moreover that f(t,x)=0 if t= T for some fixed Te[r, ).

Set a=156". Then the equation

0 02
- L
u+i2}a Oxtox!

~ 0 -
3 ”+§b'axl” ci+f

has a unique solution ize C; *([r, c0) x R").
Moreover, this solution is non-negative and

+2.
ivj

2

axax ) =K
where the constant K depends only on s, T, on the suprema of the functions &,
b, ¢, f, and on the suprema of their spatial derivatives up to the second order.
Applying this theorem to the equation L,u+f=0 in the domains [7,, c0) x R"
for 0<r,]0, we obtain the desired result.

From inequality (2.10) it is easy to get that

(t,x)e[r, c0) XxR"

0
sup (Iﬁl—i—Z‘ﬁﬁ

[ u®v@ndx)z | Lu® pdt,dx) (3.8)
[O,oo)x]R/" [O,w)x][?{‘
holds for every ue Cy ([0, o) x R"). Using the Fubini theorem, inequality (3.8)
can be rewritten as

wdtdxz— | (Laup™dedx. (3.9)

[0,0) xIR* 10, 0) xIR?
Now we show that this inequality holds for u=u,.
First we define u,(0,x)=limu,(t,x) for every xelR" and u,(t, x)=u(0,x) for
tl0
t<O0. (Note that limu,(f,x) exists, since, by the proposition é—?ua(t, x) is

t)0
bounded on (0, «0) x IR" for every s>0.) Then taking non-negative functions #,

we C2(R"1) such that {ndtdx=1 and w=1 on {(t,x)eR"*': |(t,x)| =1}, we
define u”:=u_+h" and ng(t,x)=n(R~*t,R~'x). Replacing u in (3.9) by ul’ 5
and then taking R—co we get

[ uv™@drdxz— | (Lud)p™dedx. (3.10)

[O,w)X]R," [O,CO)X]R/"
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From the proposition it follows that for every e>0

d 02
r  Z_Wm (s)
uy, atus and 6xi6xfu’:

are bounded for every i, j, uniformly in r.
Thus, taking the limit |0 in both sides of the inequality (3.10), we obtain
(3.9) for u=u, by the Lebesgue convergence theorem, i.e.,

f ouv®dedx=— | (Lu)pPdrdx.

[0, 00) xR" [0, 00) xR?

Since L,u,+f=0 and by the Ito formula u,=%R°f, this inequality can be
rewritten as
[ R®efHdedxz | fu®dtdx.

[0,oo)><]R/" [O,oa)xIR/"

Hence, using the Fubini theorem again

| ®N9dadoz | fOudndy)

[O,ao)x]R/_" [O,oo)x]R/“
for every non-negative fe C¥ ([0, oo) x R").

Step 2. Now in the case of general kernel h we use the same devices as before:
We take the function p(x)=(1+|x|®)""({(1+x|*)=" "' and consider the
kernels k' (t, x)=(h= p")(t, x) where the convolution is understood with respect to
the variable x. It is easy to see that h" has the property (3.7) for every r.
Thus, by virtue of stepl for every feCy([0,00)xR") we have the in-
equality
[ @®Nvdedx)yz | e udt,dx) (3.11)

[0,00) xR . [0, ) x IR

for every positive ¢ and r, where the appearance of the extra index r means
that the kernel k" is taken everywhere instead of A. It remains to take 7|0 in
(3.11). It is easy to see that for r|0

(a'(zr))% (t’ x) _)(a(e))% (t’ x)
bt x)= by, (£, X) (3.12)
C(ar) (t: X) - c(a) (ta X)

for every (¢, x)e(0, 0) x R”, uniformly on compact subsets. Moreover, (a(a))%, b
are bounded and satisfy a Lipschitz condition in x on {{f,x)e(0, c0) x R":
I(t,x)] £R} for every R. Therefore, by Theorem 3 from [2], for every A>0 and

T=0 .
mP[ sup |x55(2)— x55(0)| = 4] =0 (3.13)
rl0 T

0=t

for every s =20 and xeR™ Taking into account that c,, is bounded uniformly in
r, by using (3.12) and (3.13) we get for every ¢>0 that

Lm (R (s, x) = (RS)(s, %) (3.14)
rl0
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for every (s, x)e[0, o0) x R*, and that for all »
IRfISK (3.15)
with a constant K. Further, it is easy to see that for every 6>0

lim A (¢, x) = h(z, x) (3.16)
rlO
lim £, x)=f (¢, x) (3.17)
rlQ

for every (t,x)elR"**, and for every (t, x)e[0, o0) x R" respectively.

Now using (3.14)-(3.17), we obtain (2.8) for every ¢>0, by taking r|0 in
both sides of (3.11) and using the Lebesgue convergence theorem. Hence the
rest of the lemma follows easily.

4. Coincidence of the One-Dimensional Distributions

Consider the processes

5(t)zj5(s)dW(s)+;ﬁ(s)ds
0 0

@(t)=£V(S)dS

from the introduction. Suppose that «=3487 satisfies the condition

Yoz iz plz)? 4.1)
ij
for every (¢, w)e[0, 00) x Q2 and zeR”", where p is a fixed positive constant.
Let #(t)=(t, £(2)), and let u be the Green measure of # with killing rate y, ie.

u(r>=E°§xr(n(r» exp(—p(0)d1,

for every Borel set I' [0, o0) x R",
Let f=f(t,w) be a bounded non-negative measurable process. Then it is
easy to see that the measure p, defined by

uf(F)=EO§xr(n(t))f(t) exp(— (1)) dt

is absolutely continuous with respect to u.
Let us define the functions a=(a"(t, x)), b=(b'(t, x)) and c=c(t, x) as follows

ij :d#ij bi._..iu_;}

A du,

= = ‘)"
FTE : P and ¢ i
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Note that a, b and ¢ are Borel measurable functions on [0, oo) x R" and if (o, 8,7)
take values in a bounded closed convex set AcR"*"xR" X R then a, b, ¢ can be
chosen such that {(a(t, x), b(t, x), c(t,x))e 4 for all (t,x)e[0, w)x R™ Thus a, b, ¢
are bounded and
Yaiztz zp|z|? 4.2)
Ly
for every (t,x)e[0, 0) x R" and zeR".
Now let us take the kernel h from Sect. 2 and suppose that 0< < co on
(0, 0) x R" for every ¢>0.
Then defining the functions a,=(a{)), b, =(b,) and ¢, from a, b and ¢ by
the formula (2.7), we state the following

Lemma 4.1. Let z°(t) = (u,(t), x,(t)) be the solution of the equation

du,(t)=dt
A, (8)= (@) (u, (8), X, (1) AW (1) + by (1, (8), x, (1)) d 1 (4.3)
z,(0) =z,

where 2 is a random variable in R"**, independent of the Wiener process W and
having the density h'™. Then for ¢|0 the Green measure of the process z, (with
killing rate c,(z,(t))) converge weakly to the Green measure p.

Proof. Let v be the measure defined by v(I')=y(0) for every Borel set
I'cR"** where 0 is the null-vector of R"+1.
Applymg the Ito formula for u(t, £(r)) we have

2

= ul(t ()

fuv(dx,dx)=u(0)= —Ej{ u(t, E(t)+= Za”(t

—y(0)ut, 5)} exp(o (1) dt

- ~u(tx);z(dtdx)+z

10,0) x]R" a

J .
+Zﬁu(t, x) ‘[,L;}(dt,dx)—u(l,x) .uy(dtydx)

*a HA x) pi(dt, dx)

=— [ Lu(t,x)udtdx)

[0, ) ><]R/"l

for every ue C¥ ([0, c0) x R"). Hence by Lemma 2.2

[ [ x)pdt, dx)=1lim(Rf)2(0)
[0,00)><IR/'l el0
holds for every fe CF ([0, w0) x IR").
We can now finish the proof by noticing that (R°f)® is just the integral of
S on [0, 00) x R” with respect to the Green measure of z (D).
From now on we take h(t, x)=(t) p(x). Our theorem will be proved after
some propositions.
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Proposition 4.2, The Green measure u is equivalent to the Lebesgue measure m on
[0, 00) xR", ie.,

(i) p<m

(il) m<pu.

Proof. The assertion (i) is well-known (see [5]). We sketch the proof of (if). We
can see that for all e>0

Z|a(8)l+zlbe)|+c(s)“ (44)

on (0,00)xIR", where K is some constant, which does not depend on e.
Moreover from (4.2) it follows that for all >0

Yagt.x)2 2 zplz|? (4.5)

i, J

for every (t,x)e(0, 0) x R* and zeR”. Thus we can apply Corollary IV.1.8 from

[4], which states the following: Suppose that for every ¢>0 we have a non-

negative function feCgy((0,0)xR" such that lim(z,, x,)=(zy,Xq)€(0, c0)eR"
210

implies hmu .(t.,x,)=0, where u,eC}*((0,0)xIR") is the solution of L,u,+f,
=0. Then for every >0

limm({(t, )£, 2 A} N Qi) =0
gl 0

for every T=1t, and R>0, where Qrp=(to, T) x {xeR":|x|<R]}.
Combining this statement with Lemma 2.2 we get assertion (ii).

Proposition 4.3. For ¢|0
a,(t, x)—a(t, x)

b(t, x)—b(t, x)
Ciylt, x) =2, X)

for m-almost all (t, x)e[0, oo ] x R™.

d © o
Proof. Let E—#— be denoted by g. It is not difficult to show that for |0
m

(@9 )™ —a"(t, x) g(t, )
u2(t, x)—g(t, x)

for m-almost all (¢, x)e[0, o0) x R".
Consequently,

hma?)(t x)= 11m(a” u)(*s)hm(,u‘ )~ =q(t, x)
el0

for m-almost all (¢, x)e[0, «0) x R™. The other assertions can be shown in the
same way. ‘
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Proposition 4.4. Suppose y(t) is a deterministic process (i.e. it does not depend on
weQ). Then . o
a’(t, x)=E(a” (1) <(6) = x)
bt x)=E(B'(0)|¢(t)=x)
c(t,x)=EQ@(©)|<(t)=x)
for m-almost every (t,x)e[0, co) x R"™.

Proof. Recall the definition of E(aY(t)|£(t)=x) via the Radon-Nikodym theo-
rem:
One considers the measure @, defined by the formula

Qu(F)= }; 1r(E@) o (1) Pdw)

for every Borel set F<R" It is obvious that Q, <P, where B, is the distribution
of &(t) on R” Therefore there exists a function g{z, x), such that ¢(z,) is Borel
measurable and for every tel0, «0)

QI(F)=I,LXr(x) q(t,x) Bdx)

holds for every Borel set F. For every ¢ the function ¢(z,-) is unique up to a set
of B-measure 0. Since £(t,w) and «Y(t) are measurable in (t, ), one can show
that ¢q(t,x) can be chosen to be Borel measurable in (¢,x). We define
E(9(1)| E(8)=x)=q(t,x). It is easy to see that for every t E(a|Z(t)=q(t, £(¢)) P-
almost surely.

By the Fubini theorem

pul= g E{yr(t, &) explo(t) o (2)} de
=E g xr(t, E@) exp(— @ () E( (1) £(1)) dt.
Hence it follows that %j—j= E(o¥(1)|£(t)=x) for u~m-almost every (t, x)€[0, o0)

x R”. Similarly we get that b'(t, x)=E(S(t)| (t)=x) and c(t, x)=E(y(t)| f(£)=x).

Proposition 4.5. For a sequence ¢,|0 the distribution of the process z, from
Lemma 4.1 converges weakly on C[0,T] to the distribution of the process Z(t)
=(t,X(t)) for every T=0, where X(t) is a weak solution of the equation

dx(f)=a*(t, x(t)) AW (t)+b(t, x(t)) dt
with initial condition x(0)=0eIR".

Proof. Taking into account (4.4), (4.5) and Proposition 4.3, we can prove this
proposition in the same way as Theorem I1.6.1 in [5].
Now we prove our main result which we stated in the introduction.
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Theorem 4.6. Under the condition (4.1) there exist bounded measurable functions
a: [0,00) x R*>R"*" and b: [0, c0) x R">R" such that o(t,x)={E(5(t) 6T (1)|£(t)
=x)}%, b(t,x):=E(B(t)|£(t) = x) m-almost all (t,x)e[0, ) x R", and the stochastic
differential equation ‘
dx(t)=oc(t,x@®)dW({t)+b(t,x(t))dt

x(0)=0

admits a weak solution X(t) which has the same one-dimensional distributions as
£().

Proof. From Lemma 4.1 and Proposition 4.5 we get that the Green measure of
(t, £(v)) (with killing rate y) is identical to the Green measure of (z,x(?)) (with
killing rate c(t, X(t))). Let us take y(t)=1. Then we have c(¢,x)=y=1 and

E?e"f(t,5(:))df=E0§e“’f(t,5c'(t))dt
0 0

for every bounded non-negative Borel measurable function f Taking f(,x)
=e~*"g(x) with arbitrary non-negative constant 4 and functions ge C,(R") we
get

[e et Eg(e(0)di= | e=*e~* Eg(x()di (4.6)
0 0

for every A=0 and ge C,(IR").
Since Eg(x(¢)) and Eg(¢(#)) are continuous in z, from (4.6) we get that for

every t=0
Eg(x(t))=Eg(¢()

for every ge C,(R™. Hence it follows that the distributions of £(¢) and X(t) are
the same for every t=0.
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